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In this paper we develop a new Fourier pseudospectral method with a restrain operator
which is applied to the RLW equation. The numerical results show the advantages of this
method. We prove the generalized stability and the convergence of the scheme. © 1988

Academic Press, Inc.

I. INTRODUCTION

In this paper we consider the periodical problem of the RLW equation

6U+a6U+U6_U_ ’U
ot dx ox  otoxt

U0, ) 0'U(2,1)
x4 axt

U(X, 0) = UO(x), X€ '9,

1 xed;te(0, T],

g9=0,1; 1e[0,T7], (1)

where 9= (0, 2), >0, (0, 1})=f(2,t), and « is a constant.

In 1966, Peregrine [1] proposed the first numerical method for solving (1). In
1976, Abdulloev, Bogolubsky, Makhankov [2] showed numerically that the
collision between two soliton-like waves is inelastic. Olver [3] proved that a RLW
equation possesses only three conservations.

Other numerical methods can be found in Eilbeck and McGuire [4,5],
Alexander and Morris [6], and Arnold et al, [7]. Recently Wu and Guo [8],
using a difference scheme with high accuracy, found that four waves were formed
after the collision between two soliton-like waves. The accuracy of numerical
solution of both finite element and difference methods is limited, even if the solution
of (1) is very smooth.

The spectral method and pseudospectral method are two important numerical
methods for P.D.E. (see Gottlieb and Orszag [9]). Pasciak [10] and Guo and
Manoranjan [117 used these methods to solve the RLW equation. The pseudo-
spectral method is preferable when dealing with nonlinear terms. However, it is less
stable than the spectral method due to the aliasing interaction. For remedying this

110

0021-9991/88 $3.00

Copyright © 1988 by Academic Press, Inc.
All rights of reproduction in any form reserved.



FOURIER METHOD WITH A RESTRAIN OPERATOR 111

deficiency Kreiss and Oliger [12], Kuo [13], and Ma and Guo Ben-yu [14]
proposed several filtering techniques. In this paper, we modify the filtering
technique used in [14] and give a new pseudospectral method applied to (1). We
test numerically the effect of the restrain operator and find that

(i) If the vibration of the solution of (1) is small and & large, then the effect of
the restrain operator is not clear.

(i1} If the vibration of the solution of (1) is big or § very small, then the
restrain operator increases the stability.

(iii) If we use the filtering technique in the same way as in [14] (i.e., scheme
(8) in this paper), then the numerical result is poor, especially for very small & (see
Table VI, in Section IIT). But the new method proposed here gives a uniformly
good approximation independent of & (see Tables V, VI, in Section III).

We use the technique of generalized stability of Guo [15, 16] (i.e., g-stability; see
Griffiths [17]), to strictly estimate the error. Four estimates are established. Only
two of them depend on . The convergence is given also.

Il. THE SCHEME

Let

(v, w)= _[: v(x) w(x) dx,

v

Ox

loll* = (v, v), Iv|1=‘
Now we derive the new pseudospectral method. Let N be a positive integer and »n
any integer:
V,=Span{e”*/|n| < N}.

Vy is a real value function subset of ¥,. Let P, be the orthogonal projection
operator from L%(8) to Vy, ie.,

(pNU: W) = (U’ W), VWE VN-
Let P, be the interpolation operator from C(§) to V' such that

__ ¥
TA2N+1

pu(x;)=v(x;), x; j=0,1,.. 2N.

From [12],

(U, W)N=(PcvaPcW)N=(Pc U’pcw)a Vo, WEC(:g), (2)
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112 GUO AND CAO

where

2N

Y o(x;) wix,).

=0

Let t be the mesh spacing of the variable ¢, S, ={k|0<k<[T/t]—1} and
v*(x) = v(x, kt). Define

1
E(x) = (05 () = o¥(x).

As is well known, a reasonable scheme must keep the properties similar to those of
(1). Indeed the solution of (1) satisfies the following conservations

j: Ulx, t) dx = j: Us(x) dx + jo j: f(x, €) dx de. 3)

1O+ U@} = 1Uoll* + 6 IUolf+2f0 (f(&), U(&)) L. (4)
In order to simulate (3) and (4), we define the following operator

1 0 10
J(o(x), 9(x)) =§p(.(<p(x) 2 v(x)) 432 p(p(0), 0(0).

It can be shown that for all v, w, @ €V,
(J(v, @), @) + (J(w, ), 1) =0. (5)

The simplest pseudospectral method for (1) is to find u* € V', such that

2
uk(x) +a 9 u*(x) + J(uk(x) + otuk(x), u*(x)) =8 —6—2 u(x)
ox Ox
=p.f (x), xe€d kes, (6)
W(x)=P.Uyx), xe€g,

where 0 < 4 < 1. But the numerical results showed that scheme (6) is not stable for
very small §. On the other hand, for the error estimation uniformly for §, we have
to establish the following inequality

(7(-5)-»),

where b(w) is independent of N, and

62 -1
r(1-s )"

Sb(W) ”U"Z, VU, we VN’ (7)




FOURIER METHOD WITH A RESTRAIN OPERATOR 113

But the inequality (7) is not true generally. For instance, we consider the following
functions

v(x)=aye™™,  w(x)=1+2isinnx,

and so from (2)

Since

ov nNa; .
(per (o52) )|~ T 1Pee™™ )

niNa?,

= Tromw Fee ™)
nNaj .
“Troem €W
_ 2nNa?,
1 +6n*N?’

the constant b(w) is much larger for very small  and large N.

Obviously the main difficulties in the previous paragraph come from the high
frequency terms. In order to remedy it, the restrain operator R, is proposed in
[13, 14] such that for

v(ix)= Y a,e™,
In|< N

we have

14
N ) a" e’lﬂlx.

Ru(x)= Y (1_‘3

Inl< N

In [14], the nonlinear term U(x,t)(é/dx) U(x,t) is approximated by
J(u*(x) + atu(x), R,u*(x)), which is successfully applied to the KDV equation. If
we generalize this method to (1) directly, then we have

k a k k k k 62 k
wk(x) + a— u*(x) + J(u*(x) + otu(x), R, u"(x)) — 6 = u(x)
0x ox
=p. fYx), xe8keS,,

u(x)=p.Ug(x), xe¥. (8)
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When ¢ =0, we can solve (10) explicitly. This is one of the advantages of the
spectral method and pseudospectral methods. But the numerical result is unsatis-
factory. In particular, the error is very big for « #0 and small J (see Table VI, in

Section III).

In this paper, we approximate the nonlinear term by R,J(Ru*(x)+
otR,u*(x), u*(x)) and use the filtering technique for the linear term «(d/0x) u*(x)

and the right term p, /*(x). Now we have the scheme

uk(x)+aR, 56; uk(x) + R,J(R,u*(x) + ot R u(x), u*(x))

62
—(5Wuf(x)=Rvpcf"(x), xed.  kes,,
uo(x) =pc UO(x)a X€ '9
Clearly,

0 0
(ma v, v> - (a—x- RI2p, RV v) =0, WeVy.

From (5), for all v, w, o€ Vy,

(R, J(R,v, @), w)+ (R,J(R,w, @), v) =0.
If 6 =1, then it follows from (9)-(11) that

2 2 k—1 .
[wax=] wydx+t ¥ [ Ropefi(x) dx,
0 0 E=0 V]

k—1
l 12+ 8 [u*13 = 1°12 + 8 [u® 3+ X (R, p S5 uf +u™?),

E=0

which are the discrete analogy of (3) and (4).

III. NUMERICAL RESULTS
We test the effect of the restrain operator with the function
U(x, t) = A exp(A4 sin nx + 0.5¢).
Put N=8, 1=0.01, and let

|u(x;, 1) — U(x;, 1)
E(t)= : -
)= UG, )

(10)

(11)
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All computations are carried out with the explicit scheme, i.e., ¢ =0. The numerical
results show that

(i) If the vibration of the genuine solution of (1) is small (e.g., 4 =0.1) and
a =0, then the effect of R, is not clear (see Table I). The accuracy of (9) is nearly
the same as the spectral method of [11].

(ii) 1If o is large (e.g., 6=1), then the operator R, is not important even
though the vibration of a genuine solution is big (see Table II).

(iii) If the vibration of a genuine solution is big and § small (e.g, 4=1,
=105 10"%), then the effect of R, is very clear, see Tables III and IV.

(iv) The smaller the parameter J, the more important the linear term
a{0U/dx). Thus the operator R, is very important even if the vibration of the
genuine solution is not big. Tables I and IV show that the effect of R, is not clear
for =0, 4=0.1, but very clear for =2, 4=0.1.

(v) The value of v in the restrain operator must be suitably chosen. If v is too
large, the filtering technique is weakened. If v is too small, the approximation
accuracy is lowered. The suitable value of v is between 5 and 10. But the best value
of v is different in different cases. For instance, the best choice in Table IV is v=23.

(vi) For the proof of convergence, the filtering technique for the linear term
and right term is not important. But numerical experiment shows the importance,
see Table V. In Table V, schemes (9),_ . are similar to (9), but the linear term and
the right term are respectively approximated in the following

Scheme (9)a: a« % u*(x), R,p. f¥(x);

Scheme (9)b: akv%u"(x), pefH(x);

i}
Scheme (9)c: oo ut(x), p. f(x).

(vii)) The numerical results of scheme (8) are much worse than that of scheme
(9) and so the new filtering technique in this paper is better for the explicit scheme
of a nonlinear problem. In Table VI, schemes (8) a—c are similar to scheme (8) with
the linear term and the right term approximated by

0
Scheme (8)a: aR, P ub(x),  p.fH(x)
o . "
Scheme (8)b: o F u(x), R,p. f*(x);

Scheme (8)c: o % u*(x), p. f ¥(x).
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I

Scheme (9), 6=0,a=0, 4 =0.1.

E(5.0) v=>5 v=10 v=>50
6=10"¢ 0.00228242 0.00228203 0.00228193
6=10"% 0.00228399 0.00228281 0.00228183
§=10"2 0.00229817 0.00229622 0.00229651
é=1 0.00236857 0.00236493 0.00236557

TABLEII
Scheme (9), 6=0,6=1, 4A=1.

E(5.0) v=>5 v=10 v=150

a=2 0.00144118 0.00118726 0.00115333

a=0 0.00231011 0.00215183 0.00216537

TABLE III
Scheme (9), 6=0, a=0, A=1.

E(1.0) v=>3 v=10 v=>50
6=10"¢ 0.00329499 0.0355039 0.235286
6=10"* 0.0283234 0.0124055 0.170894

TABLE IV
Scheme (9), a=2, 4A=0.1
E(2.0) v=3 v=>5 v=10 v=150
6=10"¢ 0.00156715 0.0186465 0.0243057 >10
6=10"4 0.00155333 0.00163698 0.0111043 0.702116
TABLE V
6=0,0=2v=10,5=10"°
E(0.5), A=1. E(2.0), A=0.1.
Scheme (9) 0.0454317 0.0243057
Scheme (9)a 0.0745903 7.42054
Scheme (9)b 0.564465 0.0275196
Scheme (9)c 2.08395 9.66944




FOURIER METHOD WITH A RESTRAIN OPERATOR

TABLE VI
0=0,0=2,A=1,v=10,6=10"¢

117

Scheme (8) Scheme (8)a Scheme (8)b

Scheme (8)c

E(0.5) 0.136626 0271632 7.86826

2.89614

(viii) Another pseudospectral scheme is

() + R, - () + R, J(R, () + e R (), Rl ()

2

—6 % wx) = Rop fH(x).
ox

(12)

This scheme seems more reasonable, but the numerical results show that the

accuracy of (12) is nearly the same as scheme (9).

TABLE VII
6=0,4A=1,v=10

E(0.5), a=2 E(10), a=0
5=10-% 5=10-* §=10-5 5=10"*
Scheme (9) 0.0454317 0.0311898 0.0355039 0.0124055
Scheme (12) 0.0586913 0.0368031 0.0129624 0.0181770
TABLE VIII

6=0,4=0.1,v=10

EQ0), a=2 E(50), =0
6=10-¢ 5=10-* 5=10"° s=10"*
Scheme (9) 0.0243057 0.0111043 0.00228203 0.00228281

Scheme (12) 0.0244925 0.0124284 0.00228242

0.00228232
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1V. ERROR ESTIMATIONS

Assume that 4°(x) and f “(x) have respectively the error #°(x) and f*(x). Then
the error of u*(x), denoted by @#*(x), satisfies

i*(x) + R, _6% #*(x)+ R,J(R,#*(x) + TR, il%(x), #*(x) + u*(x))

2

+ R IR ) 4 TR (), 2(0) = 53 x) = Rop, JHx). - (13)

Let

2 1/p
2@ ={oi ol = ([ 1ot ax) " <ool.

In particular, the inner product and the norm are (-, -) and | -|, respectively, for
p=2. For any positive integer, let |v| ;= [|0%u/dx?|,

H(9)= {v

B
wm=zlm<w}

g=1

For any positive constant B, H?(3) is the complex interpolation space between
H'1(9) and H'P1+1(9). Define

HE(9) = {v|ve H*(9), v(x) =v(x +2)}.

We denote by C(0, T; Hf,’(B)) the space of abstract functions with the norm

0°v(t)
or

ol v, 7 Hi9) = Thax max
0<s<qO0<tLT

8

Similarly we define the space H?(0, T; H5(3)). Let [|v]l s = maxo < 4. < 7 lv*]| 4. In par-
ticular, [|v]| = max, <. < rv*|- Let p be a suitably small positive constant and

k—1
Q (o) = lIv 1>+ [v"13 +pz* 3 (I0f 12+ [vf13)
=0

k—1
pi(o, w)=lvl>+é Jolf+7 3 [Iwh|>
£=0

THEOREM 1. (i) If 0 <1, then there exist positive constants b, b,,b; depending
only on ||ulll3, ., (y>0) and 6 such that for all kt< T, P f )< b, /N,

Q (@) < b p* (@, ) €.
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(ii) If 6 >4 then there exist positive constants b,, bs depending on ||ul| Yrty
and 8 such that for all k and p*(#° [),

O (@) < bap* (@, 1) .

(i) If o<4t=O(N"2), then there exist positive constants bg,b,, b,
depending only on ||ullls, ,, such that for all kt < T, p*(&° f ) <bgN ™!,

Qk(i1) < b, p"(i°, ) e

(iv) Ifo>4 1=O0(N"2), then there exist positive constants by, b, depending
only on ||ulls ., such that for all k and p*(@°, f),

Q (@) by p“ (i ) 5.

Next consider the convergence. Let U(x, t) and u*(x) be the solutions of (1) and
(9), respectively.

THEOREM 2. Assume that

(i) Ue H0, T; Hy(9)) n C(0, T; HY(S)), Uy € HE(3), fe C(0, T; HE~'(9));
(i) v=p>2,

then for all k1< T,
Q (u— U) < by bk (12 4+ N2~%)
where by, and b,, are positive constants depending on |Ugllg, 11f) 0, rmt-105))»

VUl 20, 75 118y > 1 Ul cio, 1 mf(ayy» and 6. If 7= O(N~?2), then b,, and b,, are indepen-
dent of o.

V. SOME LEMMAS
For the proof of the theorems, we need the following lemmas.
LemMA 1 [12]. If O0Spu< B, ve H(9), then
1Py —vl, <cN*# o]
If >4, in addition, then
1Pco—vll, <cNF~Flo|g.

LeMMa 2 [12]. If O u< B, ve Vy, then

vl g < eNP=# o]l
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Lemma 3 [12). Ifv,weVy, then

lowll> < 2N +1) lloll* llwll*.

LemMa 4 [14]. IfO<u<fB<v,veVy, then

IR,v—vll, <cN*# |v]p.

For simplicity, we introduce the circle convolution operator

v(x)y= Y a,e™,  wx)= )Y b,

inf< N Inf<N

then

vrw)= Y Y ab, e

Inl<NUI<N

such that if

where a,, oy 1= bpions1=50,. From [14], for v, we Vy, @€ V, we have

P (v(x) w(x)) =0 * w(x),
(v*@,w)=(v, 0 x ).

LemMa 5 [14]). If ve Vy, we HY?*7(8),7>0, then

ov
’(va*g;’w <c'yv I|w”3/2+y ”0“2’

v
(v * R, PP w)

where ¢, is a positive constant depending only on .

SC},V ||w||3/2+y ”U”z,

LEMMA 6. Ifv,weVy,y>0, then
[(R,J(R,w, v), v)| <, W32, 0l
Proof. We have

1 0 10
J(R,w, v)=—§v*Rv—él;—+§a(v*va),

s(RVJ(RVW’ U)’ U)| = |(J(vas U), Rvu)‘

<=
3

ow 11/ 0
<U*R"5)—c’ Rvu>l+§l<5}(v*va), va> .

(14)
(15)
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From (15) and Lemma 5

ow
(U * Rv EX_’ Rv U)
0
.<—- (U * va), va)
o0x

This completes the proof.

<c
=l ox

o> < e, Iwlansy l0l%
L¢3}

(o4 R0 Row )| <, Il ot

LeMMA 7 [15]. If the following conditions are fulfilled

(i) Z* is nonnegative function of k, M,, M,, M5, and p are nonnegative
constants,

(ii) a,,a,, and o, are constants,
(iii) if YSM,N*, then n(Y)<O0,
(iv) forall k=1,

k-1
ZE<p+1 Y, [M, 28+ MA(Z°)™N™ +9(Z°)],
¢=0
(v) Z°<p<e Mt MIT min(N /%2 M, N*),
then for all k1< T,

Zk < p eM2+ Ma)ke, (16)

In particular, (16) holds for all k and p provided M,=0 and n(Y)<0.

VI. THE PROOF OF THEOREM 1

By taking the inner product of (13) with 2i*(x), we have from (10) and (11) that
(@12 + 8 1a13), — c(l@%)|* + 6 1% |3) — 20T(R, J(R, i,
u* + %), #*)+ 2(R,J(R,u* + oTR, u*, i¥), i) (17)
=2(R,p.f*, #*).

Let m and ¢ be positive constants. Taking the inner product of (13) with mri*, it
follows from (11) that

ax"
%) + mt(R,J(R,u* + oTR u*, i), i*) = mt(R,p. ¥, i*). (18)

0
mr(||#5)|2 + 8 |@*|3) + amr (R — i ﬁ’,‘) + mt(R,J(R, i, u* + ii*),
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The combination of (17) with (18) leads to

a
a7+ 8 18 13), + tlm — 1 —e)(llak | > + 6 |ak13) + Y F¥
(=1

2

. ™m
<1+ (145 ) 1 TR (19)

where

Ft=1(m—20)(R,J(R, @, u* + i), it%),
Fi=(R, J(R,u* + atRu*, i), ii*),
F=mt(R, J(R,u* + atR, u*, ii*), 7¥),

J . -
Ft=amz <Rvauk, uf>

Now we estimate |F¥|. From Lemmas 1-4, we have

ct(m~20)?
=

6uk 2

" k2
|F¥) <ert ||l@k||* + ax

N U2 + || Loy 181}
L>(9)

+N a4 Iﬁ"lf>

ct(m—20)?

<er @y + el 2 (U2 + 13513) + N 417 13513).

Lemma 6 leads to
|FS| < e llullsy sy 0402
We have also

ctm?

|Fy <er flaf)® + Meell3z o, (NN + L 13),

2.2
~ o .
|F¥| <et ||u{‘l|2+—8— a2

&

Substituting the above estimations into (19), we get

(412 +8 12¥13), + tlm — 1~ de)(|2 11> + 6 |#41) < R, (20)
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where

™m? m—20)? . (m —206)* + tm?
Re=e [ 14T (1 22 g, g+ 2220

. tN(m—206)*  _ . m?
3, + D1+ T2 g o (1450 ) 17

Let p be suitably small. Take e=4(m—1—p)>0 and

m=20, H, =0, for >4,
m=2, H, =1, for a<i.
Then
(N*))% + 8 |@*13), + pr(llak)® + 8|a%|3) < R, (21)
from which

k—1
Q@) < cp@ )+ et X [+ Nulldy, JU#|2 +81a|2) + <NH, |#°)2 |5#°13].
&=0
Since Lemma 2 and

N
N |? Iﬁ"IKéNlﬁ"IHE 1!

i

or
N ([ |13 < eN? |1k,

Lemma 7 completes the proof.

VII. THE PROOF OF THEOREM 2

Let W(x, t}=p,U(x, t). From (1), we have

OW(x,t) oW(x, 1)
Y +a e +pN<U(x,t)

oU(x, t) *Wi(x, t) _
ox >_5 ot dx? =pafx.1)

and so

OW*(x)
ox

’W(x)
ox?

WE(x)+ aR,

+ R, J(R,W*(x) + atR, W*(x), W*(x))

5
=Rp.f5(x)+ Y, gk(x), (22)

=1

-6
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where
oWix, k
gi(x) = i) - D
{
£(x) = aR 6W“(x)_a6W"(x)
g2lx) =k, Ox ox

g4(x) = R, J(R, W¥(x) + otR, WE(x), W(x))— po ( Uls, k) a—”%’“—’) ,

FWHx) W)
otox® ox?
gi(x)=pnf* (x)— R,p.f¥(x).

gi(x)=9

Let e*(x)=u*(x) — W*(x). From (9) and (22), it follows that

a k
e;(x)+aR, ea)(CX) + RJ(R,e“(x) + 6TR, e(x), W¥(x) + e*(x)) + R,J(R, WX(x)
62 k S
+0TR, Wh(x), *(x)) —6 Lo _ _ Y gh(x).
dx I=1
Integration by parts leads to
OW(x, kt) ron Lty *W(x, n)
T“W,(x)— TLI (kt+1 VI)——an—z——dﬂ

and thus
k—1
T ) 11851 <et® 1UN 0. 72 1248, -
E=0
It is easy to prove that
k—1

T Z | gg ”2<CN2_ZI3 f U”z(o, T, HB(9)) -
£=0

By an argument similar to that of [14],

k—1
T Z I g§ ”2<CN272B I U”?(O,T;Hl’(&))'
£=0
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We have

k-1
<& L\ " arex

k1 BW‘f *W(ét
oo

£=0

<6Wf O*W(¢r) Be)

)

k—1
Sé‘t z |e¢|%+6‘5‘tz “UHEIZ(Q’ T:Hl(g)),
&¢=0
k—1 k-1
mt® Yy (g5, €)

£=0

E=0

We have also

k-1
T Z IIgEII <cN* 2 ”f"z(o T HP-1(9))
=0

le%1} < eN*=2# | Us 5.

The previous estimations give

k—1
€13 4+ < Z( 5 ||gﬂ|2+|(gs,e¢+mref)|)
<:=0 1=1,2,3,5

-1

<ot z (1% + et |ef12) + et || U"HZ(O a8 T et | U||H2(o T: HY(8))

=0

+ N> Ul 1oy + EN* P WU+ N>~ 11 1120, 1, 8- 109y

<edt® Y, 1€ 12+ ¢0t | Ul %, 12 sy

125

Finally we finish the proof with an argument similar to that in Section VI and with

the use of the triangular inequality.
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